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a b s t r a c t

The purpose of this paper is to present and compare two statistical models for predicting the effect of
collisions on particle velocities and stresses in bidisperse turbulent flows. These models start from a
kinetic equation for the probability density function (PDF) of the particle velocity distribution in a homo-
geneous anisotropic turbulent flow. The kinetic equation describes simultaneously particle–turbulence
and particle–particle interactions. The paper is focused on deriving the collision terms in the governing
equations of the PDF moments. One of the collision models is based on a Grad-like expansion for the PDF
of the velocity distributions of two particles. The other model stems from a Grad-like expansion for the
joint fluid–particle PDF. The validity of these models is explored by comparing with Lagrangian simula-
tions of particle tracking in uniformly sheared and isotropic turbulent flows generated by LES. Notwith-
standing the fact that the fluid turbulence may be isotropic, the particle velocity fluctuations are
anisotropic due to the impact of gravitational settling. Comparisons of the model predictions and the
numerical simulations show encouraging agreement.

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction

In this paper, we consider a binary mixture of particles differing
in sizes or material densities. The motion of particles is agitated by
fluid turbulence and interparticle collisions. Turbulence is one of
the most important mechanisms responsible for interparticle colli-
sions. Because of this, a great body of theoretical studies of the col-
lision rates induced by turbulence has been performed. For the
most part these theories relate to the case of isotropic turbulence
when the PDF of particle velocities can be described by the equilib-
rium Gaussian distribution (e.g., Saffman and Turner, 1956;
Abrahamson, 1975; Laviéville et al., 1995; Wang et al., 1998;
Zaichik et al., 2003). By analogy with modelling the interaction of
molecules in the kinetic theory of gases, the statistical models of
the transport of colliding particles obey a Boltzmann-type equation
for the PDF. However, we must bear in mind that the classical
Boltzmann equation relies on the assumption that the motion of
molecules is statistically independent (the so-called hypothesis
of molecular chaos) and thus the two-particle PDF may be pre-
sented as the product of two one-particle PDFs. This assumption
is valid only for predicting collisions of high-inertia particles, the
response time of which is long with respect to the characteristic
eddy–particle interaction time and the motion of which, much like
ll rights reserved.

: +7 495 958 1151.
the motion of molecules, is uncorrelated (statistically indepen-
dent). When the particles are not of high-inertia, the modelling
of collisions should be performed with regard to the correlation
of the motion of neighboring particles because of their interaction
with the fluid turbulent eddies. Moreover, due to the so-called
‘‘crossing trajectory effect” and collisions of different particles,
the fluctuating velocities of the particles may be anisotropic even
in isotropic turbulence. To account for the impact of the anisotropy
of particle velocity fluctuations on collisions, the methods like
those used in the kinetic theory of gases can be applied. For this
purpose, Laviéville et al. (1997) and Zaichik and Alipchenkov
(1997) used the Grad method to model the collision terms in the
continuum conservation equations which govern the transport of
monodisperse particles in anisotropic turbulent flow.

Modelling binary mixture is of fundamental importance be-
cause this is easily extended to the general case of polydisperse
particle system. The problem of modelling collisions of different
(bidisperse) particles suspended in turbulent flow is far more com-
plicated as compared to the same issue for identical (monodis-
perse) particles. In the case of bidisperse particles, there are two
collision mechanisms, one of which is induced by the fluid turbu-
lence and the other is associated with the mean relative velocity
(the relative drift) between the particles of different species. For
example, this drift can be caused by gravity. Gourdel et al. (1999)
proposed a statistical model for bidisperse particles that took into
consideration both of collision mechanisms. This model was based
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on the Maxwell PDF, and consequently it could not predict the ef-
fects of the fluctuating velocity anisotropy and the particle motion
correlation. By contrast, Fede and Simonin (2005) advanced a mod-
el that used the Grad method and hence took account of the turbu-
lent fluctuation anisotropy and the particle velocity correlation,
but it could not allow for the relative drift between the particles
of different species.

In this paper, we present two statistical collision models, which
include the anisotropy of particle fluctuating motion, the correlation
of velocities of neighboring particles, and the effect of the relative
drift between different particles. The particle volume fraction of both
species is assumed to be small enough so that the two-phase system
is quite good within the dilute limit and the modification of turbu-
lence by particles may be neglected. An additional point to empha-
size is that the collision models presented do not account for the
effect of preferential concentration (Squires and Eaton, 1991). This
effect is most remarkable when the particle response time is compa-
rable to the Kolmogorov time microscale of turbulence (e.g., see
Reade and Collins, 2000; Wang et al., 2000; Zaichik and Alipchenkov,
2003). When the particle response time is much more than the Kol-
mogorov timescale, the particle concentration fields become defo-
cused because high-inertia particles do not response to fluid
vorticity. Thus, the collision models are valid for particles whose re-
sponse times exceed considerably the Kolmogorov timescale.

The paper is organized as follows. The next section presents the
governing equations of the particulate phase which follow from a
kinetic equation for the PDF. In Section 3, we deduce the collision
terms using a Grad-like expansion of the two-particle PDF. Section
4 constitutes the collision terms using a Grad-like expansion of the
joint fluid–particle velocity PDF. Section 5 demonstrates the effect
of collisions on the particulate kinetic energy of a binary mixture.
In Section 6, we examine the performance of the collision models
for the transport of monodisperse particles in a uniformly sheared
homogeneous flow. Section 7 examines the validity of the collision
models for predicting the sedimentation of bidisperse particles in
isotropic turbulence under the action of gravity. A summary of
the work is given in Section 8.

2. Governing equations

The theoretical ground of the models being considered is a ki-
netic equation for the PDF. This kinetic equation describes the
interaction of particles with fluid turbulent eddies as well as the
interaction of particles due to collisions. The operator providing
the particle–turbulence interaction was derived presenting the
fluid turbulence by a Gaussian random process with known corre-
lation moments and using the functional formalism (Zaichik, 1999;
Zaichik et al., 2004). Modelling the fluid velocity field by a Gaussian
process is the key assumption that allows us to express the parti-
cle–turbulence interaction in the form of a second-order differen-
tial operator. In this paper, we restrict our consideration to
homogeneous flows. For such flows, the third-order velocity corre-
lations are strictly equal to zero and the moment set following
from the kinetic equation terminates at the second-moment level.

Collisions are treated using the hard-sphere model neglecting
the interparticle friction. Then, the particle velocities just after a
collision vp1� and vp2� are expressed in terms of those before a col-
lision vp1 and vp2 by

v�p1 ¼ vp1 þ
m2

m1 þm2
ð1þ eÞðwp � kÞk;

v�p2 ¼ vp2 �
m1

m1 þm2
ð1þ eÞðwp � kÞk; ð1Þ

where m1 and m2 are the masses of colliding particles, e is the coef-
ficient of restitution, wp � vp2 � vp1 is the relative velocity of parti-
cles before a collision, and k is the unit vector directed from the
centre of particle 1 to that of particle 2 at contact.

The kinetic equation for the PDF of the particles of species
a, Pa(x,v,t) � hpai, can be presented in the form

@Pa
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where pa is the dynamic probability density of particle velocity, a
and b are 1 or 2, t is time, xi is the space coordinate, vi is the particle
velocity, sa is the particle response time, Ui is the averaged velocity
of the carrier fluid, and gi is the gravity acceleration.

The first term on the right-hand side of Eq. (2) describes the
interaction of particles with fluid turbulent eddies and this is writ-
ten as (Zaichik, 1999; Zaichik et al., 2004)

� 1
sa

@ u0ipa
� �
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¼ ka
ij
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@v i@v j
þ la

ij
@2Pa

@xi@v j
; ð3Þ

where the diffusion tensors in phase space, ka
ij and la

ij , are given in
the Appendix A.

The two last terms on the right-hand side of (2) represent,
respectively, the contribution of collisions with the particles of
the species being considered and the other one. The collision oper-
ator is written in the form of the Boltzmann integral as applied to
the hard-sphere collision model (1)

@Pa

@t

� �b

coll

¼ r2
Z Z
w�k<0

Pðx;v�a;xþ rk;v�b; tÞ
h

�Pðx;va; xþ rk;vb; tÞ
�
ðw � kÞdkdvb ð4Þ

with r � r1 + r2 being the radius of a collision sphere which is equal
to the sum of the radii of colliding particles, and P(x1,v1,x2,v2,t)
being the two-particle velocity PDF. The condition w � k < 0 indi-
cates that the integration is carried out over the values of k and
vb for which particle collisions can be realized.

The kinetic equation completely controls the velocity statistics
of the particulate phase. However, for most practical purposes,
the kinetic level of modelling is not only computationally too
expensive, but is also unnecessary because macroscopic properties
are usually all that are needed. Another computationally less
expensive way is to solve the conservation equations for several
first moments of the PDF. The kinetic Eq. (2) along with (3) and
(4) generates a set of governing continuum equation describing
the conservation of mass, momentum, and particulate stresses as
the appropriate statistical moments of the particle velocity PDF.
Since we restrict our consideration to homogeneous flows, the
set of the conservation equations for the moments of the PDF can
be broken at the second-moment level. Moreover, it is known
(e.g., see Jenkins and Richman, 1985) that the collision terms can
be decomposed in two contributions that have, respectively, the
form of sources and fluxes. The contribution of collisions to fluxes
is of importance only in dense particulate flows (at U > 0.1). Be-
cause the particle volume fraction is assumed to be rather small,
the collision terms appear as sources and the contribution of colli-
sions to fluxes is ignored. By this means, the governing equation
set for the particles of species a is given by
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Here Ua, Vai, and v 0aiv 0aj

D E
are the particle volume fraction, the aver-

age velocity, and the kinetic stresses. It is obvious that, in accor-
dance with (5), collisions do not change the particle fraction.
However, as symbolized by Ca

i , the collisions of the particles of
the species under consideration with the particles of other species
make a contribution to the momentum Eq. (6). Clearly the collisions
of identical particles have no effect on their averaged velocity. In
(7), the terms Caa

ij and C
ab
ij quantify, respectively, the contributions

of collisions of identical and different particles to the balance of
the particulate stresses.

The fluid–particle fluctuating velocity covariances are written
as (Zaichik, 1999; Zaichik et al., 2004)
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where uai is the fluid velocity viewed by a particle of species a.

As is seen from (8), collisions do not directly affect the fluid–
particle velocity correlations, yet can effect indirectly through
changing the response coefficients which appear in ka

ij and la
ij .

To close the equation set (5)–(7) we need only determine the
collision terms in (6) and (7). For this purpose we use two statisti-
cal models, the simpler of which is based on a Grad-like expansion
for the two-particle PDF (hereafter called as the TP model) and the
more complicated of which starts from a Grad-like expansion for
the joint fluid–particle PDF (hereafter called as the FP model). Grad
(1949) proposed to approximate the Boltzmann equation by
expanding the single-particle PDF in the Hermite orthogonal poly-
nomials in velocity space. A unique feature in using the Hermite
polynomials as the expansion basis rather than any other functions
is that the expansion coefficients correspond precisely to the veloc-
ity moments of the PDF to the given degree.

3. Collision terms stemming from the two-particle (TP) model

The TP model is based on the presentation of the two-particle
PDF as the sum of the zero-order and first-order terms of velocity
distribution expansion. This is an expansion in terms of Hermite
polynomials. The zero-order term is given by a Gaussian isotropic
velocity distribution that allows for correlations between the
velocities of two particles due to their response to local fluid turbu-
lence. The first-order term represents a velocity distribution per-
turbation following from the Grad approach owing to the
anisotropy of particle velocities. Notice that the Grad approxima-
tion is accurate if the anisotropy tensor of particle fluctuating
velocities, raij � v 0aiv 0aj

D E
= v 0akv 0ak

� �
� dij=3, can be regarded as a

small quantity.
By this means, the two-particle PDF is defined as

Pðv1;v2Þ ¼ Pð0Þðv1;v2Þ þ Pð1Þðv1;v2Þ ð9Þ

with the zero-order expansion term being the Gaussian velocity dis-
tribution (Fede and Simonin, 2005; Zaichik et al., 2006)
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Here v 02a � v 0akv 0ak

� �
=3 is the particle velocity variance, and f12 is the

particle velocity correlation coefficient that is expressed through
the particle response coefficient, fua � f a

u kk=3, as

f12 � ðfu1fu2Þ1=2
: ð11Þ

The equilibrium Gaussian PDF (10) properly describes the two-par-
ticle velocity distribution in isotropic turbulence, but it does not
provide taking account of the particle velocity anisotropy. In order
to take this anisotropy into account, the first-order expansion term
in (9) is used. According to the Grad approach we take
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Pð0Þðv1;v2Þ: ð12Þ

The details of determining the coefficients Rai;Raij, and Qij in
(12) as well as the collision terms in (6) and (7) are given in the
Appendix B.

Using (B7)–(B9), we can derive the mean absolute relative ra-
dial velocity between two colliding particles

hjwrji ¼ hjwr jið0Þ þ hjwrjið1Þ; ð13Þ
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where the drift parameter z measures the ratio between the mean
and fluctuating relative velocities of the particles of different
species

z ¼ W2

2w02
; Wi ¼ V2i � V1i; W ¼ WkWkð Þ1=2

;

w02 ¼ v 021 þ v 022 � 2f12v 01v
02
2 :

According to (13), the particle collision rate is equal to

b ¼ 2pr2hjwrji ¼ 2pr2 hjwrjið0Þ þ hjwrjið1Þ
� �

¼ bð0Þ þ bð1Þ: ð16Þ

Expression (16) represents the collision rate as the sum of two
terms, the first of which is valid when the particle fluctuating
velocities are isotropic and the second one allows for the contribu-
tion of the particle fluctuating velocity anisotropy. The formula of
b(0) with (14) was firstly derived by Abrahamson (1975) and later
rediscovered by Gourdel et al. (1999); Alipchenkov and Zaichik
(2001) and Dodin and Elperin (2002). Eq. (16) can be used for pre-
dicting the collision rate of gravity-settling particles in a homoge-
neous anisotropic turbulent flow field. This is correct for particles
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whose response time, sa, is much more than the Kolmogorov time-
scale, sk. In order to predict the collision rate of low-inertia parti-
cles, it is essential to take into account the contribution of
particle interaction with small-scale turbulent eddies to the rela-
tive radial velocity as well as to determine the radial distribution
function. This problem was recently solved by Ayala et al. (2008)
using an analytical parameterization of the relative radial velocity
and the radial distribution function in isotopic turbulence. When
sa� sk, b(0) in (16) is identical to that proposed by Ayala et al.
(2008) and b(1) provides incorporating the effect of velocity fluctu-
ation anisotropy.

In view of BijWiWj = O(z), it is easy to obtain

lim
z!0

bð1Þ

bð0Þ
¼ OðzÞ; lim

z!1

bð1Þ

bð0Þ
¼ Oðz�1Þ:

Thus, in the limiting cases of small and large drift, the contribution
of the anisotropy of particle fluctuating velocities to the collision
rate is not of very importance. This effect can be apparently impor-
tant only when z = O(1).

The collision term involving in the momentum Eq. (6) has the
form

Ca
i ¼ C

að0Þ
i þ C

að1Þ
i ; ð17Þ

where C
að0Þ
i and C

að1Þ
i are given by (B10) and (B11).

When the particle velocity correlation coefficient is equal to
zero, C

að0Þ
i given by (B10) reduces to the momentum collision term

obtained by Gourdel et al. (1999). In the limiting cases of low and
large drift, one can obtain from (B10) and (B11) the following
evaluations:

lim
z!0

C
að1Þ
i

C
að0Þ
i

¼ Oð1Þ; lim
z!1

C
að1Þ
i

C
að0Þ
i

¼ Oðz�1Þ;

in line with which the contribution of the anisotropy of particle
fluctuating velocities to the collision term of the momentum equa-
tion is more important in the case of low drift.

In the balance equation of the particulate stresses (7), the con-
tribution due to collisions of the particles of different species is
written as

C
ab
ij ¼ C

abð0Þ
ij þ C

abð1Þ
ij ; ð18Þ

where C
að0Þ
i and C

að1Þ
i are given by (B12) and (B13).

In the case of identical particles, (B12) and (B13) can be reduced
to the relations obtained in Zaichik and Alipchenkov (1997)

C
aað0Þ
ij ¼ �8Uað1� e2Þv 03a ð1� fuaÞ3=2

p1=2ra
dij;

C
aað1Þ
ij ¼ �24Uað1þ eÞð3� eÞv 0að1� fuaÞ3=2

5p1=2ra
Raij:

ð19Þ

In the limit of large drift, comparing (B12) and (B13) gives

lim
z!1

C
abð1Þ
ij

C
abð0Þ
ij

¼ Oðz�1Þ:

Thus, it is evident that the contribution of the anisotropy of par-
ticle fluctuating velocities to the collision term of the particulate
stress equation, like that of the momentum equation, is more
important in the case of low drift.

Constricting (18) yields the collision term, C
ab
kp
� C

ab
ii =2, in the

balance equation of the particulate kinetic energy, kpa �
v 0aiv 0ai

� �
=2. Note that (B12) produces the energy collision term,

C
abð0Þ
kp
� C

abð0Þ
ii =2, which coincides with that obtained by Gourdel

et al. (1999) when neglecting the particle velocity correlation
(f12 = 0). In the case of no mean particle drift (z ¼ 0Þ; C

abð0Þ
kp

pro-
duced by (B12) is consistent with the energy collision terms ob-
tained in Reade and Collins (1998) and Fede and Simonin (2003).
4. Collision terms stemming from the fluid–particle (FP) model

In evaluating the collision terms by means of the FP model, we
make use of the PDF for the particle and fluid velocity viewed by
the particle for either species. This PDF is a Grad-like expansion
about the zero-order joint PDF which is a Gaussian velocity distri-
bution involving a correlation between a particle and the fluid. The
two-particle PDF necessary for the evaluation of the collision inte-
gral is derived from a joint fluid–particle velocity PDF for two par-
ticles, which was originally approximated by Laviéville (1997)
using conditional probability densities for the particle velocity con-
ditioned by the carrier fluid velocity. Then integration over the
fluid velocities yields the two-particle PDF represented in terms
of Hermite polynomials. It should be noted that, in the framework
of the FP model, the Grad approximation is accurate if rij, raij, and

saij each are of small quantities (here rij � u0iu
0
j

D E
= u0ku0k
� �

� dij=3

and saij ¼ u0aiv 0aj

D E
þ u0ajv 0ai

D E� �
=2 u0akv 0ak

� �
� dij=3 are, respectively,

the fluid and fluid–particle anisotropy tensors).
Thus, the collision model being considered in this section starts

from the Grad-like expansion of the one-point joint fluid–particle
PDF (Laviéville et al., 1997)
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;

where u02 is the fluid velocity variance, andna designates the one-point
fluid–particle correlation coefficient that is defined as the ratio of the
fluid–particle velocity covariance to their variances. The coefficients
Aaij, Baij, and Caij as well as the correlation coefficient na are given in
the Appendix C. In (20), P(0)(ua,va) implies that the single fluid (viewed
by a particle) and particle velocity distributions are Maxwellian,
whereas P(1)(ua,va) takes into consideration the effect of the
anisotropy of fluid and particle velocity variances and covariances.

When assuming that, in isotropic turbulence, the fluid velocity
obeys the Maxwellian distribution, the Grad expansion of the
PDF of fluid velocity viewed by a particle has the form

PðuaÞ ¼ 1þ Rij

2u04
u0aiu

0
aj

� �
Pð0ÞðuaÞ;

Pð0ÞðuaÞ ¼
1

2pu02ð Þ3=2 exp �u0aku0ak

2u02

� �
: ð21Þ

With a view to determine the two-particle PDF, the joint two-
pair fluid–particle velocity PDF is introduced and modelled as
(Laviéville, 1997)

Pðu1;v1;u2;v2Þ ¼ Pðv1ju1ÞPðv2ju2ÞPðu1;u2Þ: ð22Þ

In (22), P(vajua) denotes the conditional probability density of par-
ticle velocity va conditioned on the fluid velocity ua, and it is repre-
sented as

PðvajuaÞ ¼ Pðua;vaÞ=PðuaÞ: ð23Þ

Approximation (22) was obtained using the precise equation
that expresses P(u1, v1, u2, v2) in terms of conditional probabilities

Pðu1;v1;u2;v2Þ ¼ Pðv1ju1;u2;v2ÞPðv2ju1;u2ÞPðu1;u2Þ

and the plausible approximations
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Pðv1ju1;u2;v2Þ ’ Pðv1ju1Þ; Pðv2ju1;u2Þ ’ Pðv2ju2Þ:

Integrating P(u1,v1,u2,v2) over the fluid velocity phase subspace,
one can derive, from (20)–(23), the following expansion of the
velocity PDF of two particles:

Pðv1;v2Þ ¼
Z Z

Pðu1;v1;u2;v2Þdu1du2

¼
Z Z

Pðu1;v1ÞPðu2;v2ÞPðu1;u2Þ
Pðu1ÞPðu2Þ

du1du2

¼ Pð0Þðv1;v2Þ þ Pð1Þðv1;v2Þ; ð24Þ

where the zero-order expansion term, P(0)(v1,v2), is given by (10)
and the first-order one, P(1)(v1,v2), is given by (C1).

As is shown in the Appendix C, the expansion (24) leads to pre-
cisely the same relations for the collision rate as well as for the
momentum and stress collision terms obtained using the TP model,
if we replace the quantities Bij and Cij defined in (B9) by the ones ~Bij

and ~Cij defined in (C3).
In the case of identical particles, the stress collision term

appearing in (7) is coincident with that obtained by Laviéville
et al. (1997)

C
aað0Þ
ij ¼ �8Uað1� e2Þv 03a ð1� n2

aÞ
3=2

p1=2ra
dij;

C
aað1Þ
ij ¼ �12Uað1þ eÞð3� eÞv 0að1� n2

aÞ
5=2

5p1=2ra
Caij þ Caji
	 


:

ð25Þ

It should be noted that the collision constitutive relations pre-
sented in this section are more general as compared to those ob-
tained in Section 3 using the TP model. The ones based on the FP
model provide a direct contribution not only of the anisotropy of
particle fluctuating velocities but of that of fluid velocity fluctua-
tions and fluid–particle velocity covariances as well. The conclu-
sions concerning the part of the particle fluctuating velocity
anisotropy depending on a value of the drift parameter hold also
for the FP model.

5. Collision effect on the particulate kinetic energy

Let us consider the contribution of collisions to macroscopic
properties of the binary mixture as a whole. It is clear that the im-
pact of collisions on the momentum of the mixture, q1U1V1i + -
q2U2V2i, is absent. The collision term entering into the governing
equation of the fluctuating kinetic energy of the mixture,
kp � (q1U1kp1 + q2U2kp2) /(q1U1 + q2U2), can be written as

Ckp ¼ CI
kp
þ CII

kp
; CI

kp
¼ N1m1C

11
ii þ N2m2C

22
ii

2ðN1m1 þ N2m2Þ
;

CII
kp
¼ N1m1C

12
ii þ N2m2C

21
ii

2ðN1m1 þ N2m2Þ
:

Here CI
kp

and CII
kp

measure, respectively, the contribution of col-
lisions of identical and different particles. According to (19) or (25),
CI

kp
is equal to zero if collisions are elastic and it is negative if col-

lisions are inelastic. It means that the collisions of identical parti-
cles result in dissipation of the kinetic energy of the particulate
phase. For collisions of different particles, the result is ambiguous.
To explore the collision effect of different particles, we use the TP
model, bearing in mind that using the FP model leads to the same
conclusion. The collision term CII

kp
given by (18) along with (B12)

and (B13) has the form

CII
kp
¼ C

IIð0Þ
kp
þ C

IIð1Þ
kp

; ð26Þ
C
IIð0Þ
kp
¼ 21=2pr2N1N2m1m2ð1þ eÞw03
ðm1 þm2ÞðN1m1 þ N2m2Þ

PðzÞ;

PðzÞ ¼ ð1þ eÞz3=2F2ðzÞ
2

� 2z1=2F0ðzÞ; ð27Þ

C
IIð1Þ
kp
¼ 21=2pr2N1N2m1m2ð1þ eÞw03

8ðm1 þm2ÞðN1m1 þ N2m2Þ
WkWnBkn

� ð1þ eÞ 7W4ðzÞ þW5ðzÞð Þ
2z1=2 þ 3W2ðzÞ

4z3=2 þ
W7ðzÞ �W6ðzÞð Þ

z1=2

� �
:

ð28Þ

According to (27) and (28)

lim
z!0

C
IIð1Þ
kp

C
IIð0Þ
kp

¼ OðzÞ; lim
z!1

C
IIð1Þ
kp

C
IIð0Þ
kp

¼ Oðz�1Þ:

Therefore, for the qualitative analysis of (26), we can neglect C
IIð1Þ
kp

as
compared to C

IIð0Þ
kp

. By this means, the effect of collisions of different
particles on the fluctuating kinetic energy of the mixture is deter-
mined by the function P(z) appearing in (27). This function is exhib-
ited in Fig. 1. As is clear, for elastic collisions (e = 1), P(z) is positive
and hence the production of kp takes place. This source of the fluc-
tuating energy arises due to the transfer of the average kinetic en-
ergy induced by the difference between the mean velocities of the
particles of different species towards the fluctuating motion. When
collisions are inelastic, they cause the dissipation or production ef-
fect depending on a value of drift parameter. Thus, in binary mix-
ture, the collision mechanism can lead to both the dissipation (for
low drift) and the generation (for high drift) of the fluctuating ki-
netic turbulent energy of the particulate phase.

6. Homogeneous shear flow

First, we examine the performance of the collision models for
the transport of monodisperse particles in an unsteady homoge-
neous shear flow with a constant mean velocity gradient. As was
mentioned in Section 1, the fraction of particles is assumed to be
small enough for the modulation of fluid turbulence to be negligi-
ble. Moreover, the gravity force is not taken into consideration. In
consequence of homogeneity, it follows from (5) and (6) that the
particle fraction does not vary in space, and the mean velocity gra-
dients of the fluid and particulate phases are identical. These gra-
dients are given by

@Ui

@xj
¼ @Vi

@xj
¼ Sdi1dj2; ð29Þ

where S denotes the imposed mean shear rate.
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To verify the collision models under consideration, we compare
predictions with simulations performed previously by Laviéville
(1997) and Laviéville et al. (1997) using the Lagrangian tracking
method for the particulate phase and LES for the carrier fluid
phase. The initial conditions are conformed to an isotropic turbu-
lent state. The mean shear rate is equal to S=50 s�1, the particle
diameter is of 656 lm, and the particle-to-fluid density ratio is ta-
ken as 85.5. The volume particle fraction is equal to U = 0.0125,
and collisions assume to be elastic (e = 1). Because we analyze a
uniformly sheared flow with no gravity, the mean velocities of
the particulate and fluid phases can be taken as being coincident,
and hence the ‘‘crossing trajectory effect” is absent. The particulate
kinetic stresses are predicted by means of Eq. (7), which is simpli-
fied in conformity with (29). The collision terms are determined
with the help of (19) or (25). Because this paper is focused on
examining the collision models rather than the particle–turbulence
interaction models, we define the eddy–particle interaction time
by means of the simple isotropic relation, TLp ij ¼ 0:482kdij=e
(Simonin et al., 1993), where k and e are the turbulence energy
of the fluid and its dissipation rate.

In Fig. 2, the time evolution of the particle kinetic stresses from
an isotropic state to an equilibrium sheared flow is shown. The par-
ticle stresses, v 0iv 0j

D E
, are normalized with the initial particle ki-

netic energy, kp(0), and time, t, is multiplied by the shear rate, S.
Fig. 2 exhibits a strong anisotropy of velocity fluctuations when
neglecting interparticle collisions, namely, the value of the stream-
wise component of velocity fluctuations of high-inertia particles
exceeds considerably the respective values in the normal and span-
wise directions. This anisotropy is caused by the production of
streamwise velocity fluctuations due to the mean shear with lack-
ing small-scale dissipation in the dispersed phase as opposed to
the fluid phase. The most remarkable effect of collisions consists
in reducing the particle fluctuating velocity anisotropy by decreas-
ing the streamwise stress component and increasing the transverse
components. The redistribution of directional velocity fluctuations
due to collisions of identical particles resembles a like phenome-
non that takes place in fluid turbulence due to pressure fluctua-
tions. It is clear that the predictions given by the TP and FP
collision models are quite close, although the FP model leads to a
slightly better agreement with the simulations.

To realize why the predictions obtained using the TP and FP
models are close, it is significant that the stress collision terms
(19) and (25) coincide in the so-called locally equilibrium approx-
imation. In this approximation, the particulate stresses and the
3 / 2 (0)i j pv v k
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Fig. 2. The effect of collisions on the particulate kinetic stresses in a homogeneous
shear flow: 1–8 – Laviéville (1997); I – TP model; II – FP model; 1–4, III – without
collisions; 5–8 – with collisions.
fluid–particle velocity covariances can be expressed directly in
terms of the fluid kinetic stresses from Eqs. (7), (8) and (A1) when
neglecting the transport, collision, and velocity gradient
contributions

v 0aiv 0aj

D E
¼ u0aiv 0aj

D E
¼ fua u0iu

0
j

D E
; Raij ¼ Saij ¼ fuaRij: ð30Þ

Eq. (30) along with na ¼ f 1=2
ua yield the relation

Caij ¼
n2
aRij

1� n2
a

¼ Raij

1� fua
;

which clearly demonstrates the agreement of (19) and (25). Thus,
close results given by both collision models testify that the locally
equilibrium approximation is capable of describing particle colli-
sions in the flow considered.

7. Particle settling in isotropic turbulence

In this section, we explore the collision models by comparing
with numerical simulation of bidisperse particle motion under
the action of gravity in an isotropic turbulence generated by LES
(Gourdel et al., 1998). Such a flow may be treated as the simplest
model of a circulating fluidized bed (Batrak et al., 2005). In condi-
tions under consideration, the momentum Eq. (6) reduces to the
force balance in the vertical direction for the particles of each
species

Vax � Ux

sa
þ g ¼ Ca

x ð31Þ

with g being the gravity acceleration.
Although the fluid turbulence is isotropic, the gravity force

leads to the directional dependence of the particle kinetic stresses.
Eq. (7) produces the following equations for the particle vertical (x)
and horizontal (y) stress components:

2 f a
uxu02� v 02ax

� �	 

sa

þCaa
xx þCab

xx ¼0;
2 f a

uyu02� v 02ay

D E� �
sa

þCaa
yy þCab

yy ¼0:

ð32Þ

In accordance with (A5), the response coefficients entering into
(32) are given by

f a
ux ¼

Ta
Lpx

sa þ Ta
Lpx

; f a
uy ¼

Ta
Lpy

sa þ Ta
Lpy

; ð33Þ

and the response coefficients appearing in the collision terms are
defined as f a

u ¼ f a
ux þ 2f a

uy

� �
=3. Following Csanady (1963), the effect

of crossing trajectories on the eddy–particle interaction time is ta-
ken into account by means of the following relations:

Ta
Lpx ¼

TL

1þ Ccc2
a

	 
1=2 ; Ta
Lpy ¼

TL

1þ 4Ccc2
a

	 
1=2 ; ca ¼ sag; ð34Þ

where TL is the fluid Lagrangian integral timescale, and Cc = 0.45.
The particle response time is given by

sa¼
sa0

uðReaÞ
; sa0¼

2qar2
a

9qm
; uðReaÞ¼

1þ0:15Re0:687
a for Rea6103

0:11Rea=6 for Rea >103

(

where sa0 is the Stokes particle response time, Rea � 2rasag/m is the
particle Reynolds number, qa and q are the particle and fluid den-
sities, and m is the fluid kinematic viscosity.

Solutions to Eqs. (31) and (32), where the collision terms are
determined using the TP model or the FP model with e = 1, are per-
formed under the conditions corresponding to simulations by
Gourdel et al. (1998). The motion of a binary mixture, consisting
of the particles of the same size (ra = 325 lm) but of different
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Fig. 5. The average particle velocities: 1 – V11x; 2, 6 – V1x; 3 – V12x; 4, 7 – V2x; 5, 8 – Vx;
2, 4, 5 – model predictions; 6, 7, 8 – Gourdel et al. (1998).
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densities (q1 = 117.5 kg/m3, q2 = 235 kg/m3), is considered. The
volume fraction of the light particles is fixed (U1 = 0.013) and that
of the heavy particles is varied. The carrier fluid is air, and the fluid
flow is assumed to have no average velocity (Ux = 0).

Figs. 3 and 4 show comparisons between the model predictions
and the numerical simulations of the source terms in the momen-
tum and energy equations for the particles of both species. It is
clear that the predictions and the simulations are in quite good
agreement, and the results obtained using the TP and FP models
are hardly distinguishable.

Fig. 5 displays the average particle velocities of both species,
Vax, as well as the mean velocity of the mixture,
Vx � ðq1U1V1x þ q2U2V2xÞ=ðq1U1 þ q2U2Þ, versus the volume frac-
tion of the heavy particles, U2. In Fig. 5, the free-fall velocities with
no collisions, V1ax, are depicted as well. All the velocity examined
hold the following inequalities: V11x < V1x < Vx < V2x < V12x. Due
to collisions, momentum transfer takes place from the heavy par-
ticles to the light particles and this involves a reduction in the dif-
ference between V2x and V1x with U2. The mean mixture velocity,
Vx, agrees closely with V11x for small U2 and approaches V12x for
large U2. It is seen a remarkable accord between the predictions
and the simulations. The results obtained with the help of both
2, m/sx
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Fig. 3. The source terms in the momentum equations versus the volume fraction of
the heavy particles: 1, 3, 5 – C1

x ; 2, 4, 6 – C2
x ; 1, 2 – TP model; 3, 4 – FP model; 5, 6 –

Gourdel et al. (1998).
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Fig. 4. The source terms in the energy equations versus the volume fraction of the
heavy particles: 1, 3, 5 – C12
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ii =2; 1, 2 – TP model; 3, 4 – FP model; 5, 6

– Gourdel et al. (1998).
the TP model and the FP model for calculating the collision terms
are indistinguishable.

Fig. 6 shows the influence of the heavy particle fraction on the
particle fluctuating energy of both species. Both the predictions
and the simulations exhibit a pronounced maximum of kp1 when
U2 increases. The initial rise in kp1 is attributable to increasing
the production of kp1 due to collisions. For large U2, collisions lead
the mean velocity drift between the species to vanish, rendering
their contribution to the particle–turbulence negligible. It is of
interest to note that, for small U2, the kinetic energy of the heavy
particles, kp2, is more than that of the light particles, kp1, but, for
relatively large U2, this inequality becomes opposite. When U2 is
small, kp2 is controlled mainly by the collisions with the light par-
ticles, whereas kp1 is governed by involving the light particles to
fluid turbulence. When U2 is relatively large, the contribution of
collisions to particle kinetic energy of both species is not important
and kp2 is determined by the interaction of particles with fluid tur-
bulent eddies as well. The heavier particles are less responsive to
fluid velocity fluctuations, that is the reason why kp2 < kp1 at large
particle fractions.

In Fig. 7, comparisons between the model predictions and the
numerical simulations of the kinetic stresses of the particles of
both species are represented. Fig. 7(a) shows the predictions ob-
tained when using only the truncated collision terms C

abð0Þ
ij ,

which are associated with the isotropic Gaussian PDF. Fig. 7(b)
2 2, m /spk
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Fig. 6. The particle fluctuating kinetic energy: 1, 3, 5 – kp1; 2, 4, 6 – kp2; 1, 2 – TP
model; 3, 4 – FP model; 5, 6 – Gourdel et al. (1998).
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demonstrates the results derived when using the full collision
terms C

ab
ij � C

abð0Þ
ij þ C

abð1Þ
ij , which are based on an anisotropic

PDF. The strong directional anisotropy of the kinetic stresses calls
attention. This is due two mechanisms of the production of par-
ticle velocity fluctuations. In the first place, the collision produc-
tion mechanisms manifest itself mainly in the drift direction (i.e.,
in the vertical direction). Second, as is clear from (33) and (34),
the ‘‘crossing trajectory effect” causes the particles to be more
responsible to the vertical fluid velocity fluctuations than to the
horizontal ones. Both of these effects result in considerably high-
er values of the vertical stress components as compared to those
in the horizontal direction. Comparing Fig. 7(a) and (b) demon-
strate how taking into account the anisotropy of the PDF influ-
ences the particle kinetic stresses. As is seen, the inclusion of
C

abð1Þ
ij leads to a noticeable reduction in the particle fluctuating

velocity anisotropy of both species. Although the results of both
collision models are found to be very close, the predictions ob-
tained on the basis of the FP model are in slightly better agree-
ment with the simulations of Gourdel et al. (1998) than those
based on the TP model.

To gain insight into why the TP and FP models predict close re-
sults, notice that, in the locally equilibrium approximation (30), the
coefficients appearing in (B9) and (C3) coincide (namely,
Aij ¼ eAij; Bij ¼ eBij, and Cij ¼ eCijÞ and hence the collision terms given
by both models for bidisperse particles coincide as well. Because
the locally equilibrium approximation is quite correct for predict-
ing the turbulent characteristics of the flow considered in this sec-
tion, it is not surprising that the results obtained using the TP and
FP collision models are in close agreement.
8. Summary

Two statistical models for predicting the effect of collisions on
particle velocities and stresses in a binary mixture of inertial par-
ticles dispersed in turbulent flow were advanced. The first model
is based on a Grad-like expansion for the two-particle velocity dis-
tribution. The second model starts from a Grad-like expansion for
the joint fluid–particle velocity distribution. Both of these collision
models incorporate the effects of the mean velocity drift, the par-
ticle velocity correlation, and the anisotropy of particle fluctuating
velocities. In spite of apparent complexity, both models provide
algebraic relationships for the collision terms that quantify the
contributions of collisions to the balance equations of particulate
momentum and stresses. These collision terms can be easy im-
planted in any CFD code designed for simulating particle-laden tur-
bulent flows on the basis of the Eulerian two-fluid approach with
using a differential model of particulate stresses.

The validity of the models is established by means of compari-
sons with numerical simulations performed in uniformly sheared
and isotropic homogeneous turbulent flows. The collision models
being developed compare reasonably well with numerical simula-
tions and properly reproduce the crucial trends of computations.
Although the results predicted by both collision models for homo-
geneous flows considered in the paper are found to be very close,
the second model is more complete because it provides the direct
contribution of the anisotropy of fluid velocity fluctuations and
fluid–particle velocity covariances.

It is significant that the models presented are applicable for
simulating not-too-dense bidisperse turbulent flows laden with
heavy not-too-low-inertia particles. Thus, the collision terms
entering into the momentum and stress balance equations would
hold when qa/q� 1, U < 0.1, and sa/s� 1.

A potential extension of the collision models includes the mod-
elling of more complicated inhomogeneous turbulent flows. In this
case, one might expect a more considerable distinction between
the predictions of both models.
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Appendix A

The diffusion tensors appearing in Eq. (3) have the following
form:

ka
ij ¼ u0iu

0
k

� � f a
u kj

sa
þ lau kn

@Uj

@xn
þ sama

u kl
@Un

@xl

@Uj

@xn

 !

� 1
2

Dp u0iu
0
k

� �
Dt

f a
u1 kj þ salau1 kj

@Uj

@xn

� �
; ðA1Þ

la
ij ¼ u0iu

0
k

� �
ga

u kj þ saha
u kn

@Uj

@xn

� �
� sa

2
Dp u0iu

0
k

� �
Dt

ga
u1 kj; ðA2Þ

Da u0iu
0
j

D E
Dt

¼
@ u0iu

0
j

D E
@t

þ Uak

@ u0iu
0
j

D E
@xk

; Uai ¼ Ui � sala
ij
@ ln U
@xj

with u0iu
0
j

D E
being the turbulent stresses of the fluid, and Ua i being

the mean fluid velocity viewed by the particles of species a. In (A1)
and (A2), the tensor coefficients f a

u ij; ga
u ij; lau ij; ha

u ij; ma
u ij; f a

u1 ij;

ga
u ij, and lau1 ij measure the response of particles of species a to

velocity fluctuations of the fluid, i.e., coupling between the particu-
late and fluid phases. By making use of matrix notation, these re-
sponse coefficients are written as follows:
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fa
u ¼Ma

u0; ga
u ¼ Na

u0 � fa
u; lau ¼ ga

u � fa
u1;

ha
u ¼ Na

u1 þMa
u1 � 2ga

u;

ma
u ¼ Na

u1 þ 2Ma
u1 þMa

u2 � 3ga
u; fa

u1 ¼Ma
u1;

ga
u1 ¼ Na

u1 � fa
u1; lau1 ¼ ga

u1 � 2Ma
u2;

ðA3Þ

Ma
un ¼

1
n!snþ1

pa

Z 1

0
Wa

LpðsÞsn exp � s
spa

I
� �

ds ¼ ð�1Þn

n!snþ1
pa

dnFaðsÞ
dsn ;

Na
un ¼

1
n!snþ1

pa

Z 1

0
Wa

LpðsÞsnds ¼ ð�1Þn

n!snþ1
pa

lim
s!0

dnFaðsÞ
dsn ; s ¼ s�1

p ;

where Fa(s) denotes the Laplace transformation over the Lagrangian
fluid velocity autocorrelation matrix Wa

LpðsÞ viewed by the particles
of species a, and I is the unit matrix. If the particle response time is
much greater than the temporal turbulence microscale, the autocor-
relations may be taken in the form of the exponential
approximation

Wa
LpðsÞ ¼ exp �sT�1

Lp

� �
ðA4Þ

with T�1
Lp being the inverse of the eddy–particle interaction time ma-

trix. Substituting (A4) into (A3) leads to the following expressions
for the response coefficients:

fa
u ¼ Iþ spaT�1

Lp

� ��1
; ga

u ¼ TLp=spa
	 


Iþ spaT�1
Lp

� ��1
;

lau ¼ TLp=spa
	 


Iþ spaT�1
Lp

� ��2
; ha

u ¼ TLp=spa
	 
2 Iþ spaT�1

Lp

� ��2
;

ma
u ¼ TLp=spa

	 
2 Iþ spaT�1
Lp

� ��3
; fa

u1 ¼ Iþ spaT�1
Lp

� ��2
;

ga
u1 ¼ s�1

pa TLp

� �2
� Iþ spaT�1

Lp

� ��2
;

lau1 ¼ Iþ 3spaT�1
Lp

� �
s�1

pa TLp

� �2
Iþ spaT�1

Lp

� ��3
:

ðA5Þ

Note that, when the terms containing the response coefficients
lau ij; ha

u ij; ma
u ij; f a

u1 ij; ga
u ij, and lau1 ij are neglected, (A1) and (A2) re-

duce to the diffusion tensors appearing in the kinetic equation ob-
tained by Derevich and Zaichik (1988) and Reeks (1991) for a
homogeneous unsheared flow field. Mention should be also made
of another way of the functional formalism employed by Hyland
et al. (1999) to derive a PDF kinetic equation for the transport of
particles in turbulent flow. The difference between the approaches
is in the way of solving the set of integral equations for functional
derivatives. In the present approach, the iteration procedure was
employed to solve this equation set (Zaichik, 1999; Zaichik et al.,
2004), which allows the diffusion tensors to be got in the form of
(A1) and (A2). In Hyland et al. (1999), this problem was solved
using the technique of Green’s functions. Both approaches become
equivalent for times large enough compared to the eddy–particle
interaction timescale.
Appendix B

In (12), the coefficients Rai and Raij are found from the follow-
ing conditions:

1
U1U2

Z Z
v 0aiPðv1;v2Þdv1dv2 ¼ v 0ai

� �
¼ 0;

1
U1U2

Z Z
v 0aiv

0
ajPðv1;v2Þdv1dv2 ¼ v 0aiv

0
aj

D E
;

1
U1U2

Z Z
v 0aiv

0
bjPðv1;v2Þdv1dv2 ¼ v 0aiv

0
bj

D E
; b – a:

Hence, in accordance with (9), (10) and (12), it follows that
Rai ¼ 0; Raij ¼ v 0aiv
0
aj

D E
� v 02a dij;

Qij ¼
v 01iv 02j

D E
þ v 01jv 02i

D E
2

� f12v 01v 02dij: ðB1Þ

Further let us assume that the velocity correlations of the parti-
cles of different species are linearly related to those of the particles
of the same species

v 01iv 02j

D E
þ v 01jv 02i

D E
2

¼ C1 v 01iv
0
1j

D E
þ C2 v 02iv

0
2j

D E
: ðB2Þ

Notice that (B2) is just the simplest relation, which permits the
covariance between the velocities of different particles to be ex-
pressed in terms of their self-correlations. Since (10) gives
v 01kv 02k

� �
¼ 3f12v 01v 02, the trace of (B2) yields

C1v 021 þ C2v 022 ¼ f12v 01v 02: ðB3Þ

It is seen that the coefficients C1 and C2 are linked by only rela-
tion (B3). Therefore, there is one degree of freedom in choosing
these coefficients. As an additional prerequisite to the determina-
tion of C1 and C2, we require that the terms of the particles of
the same species be independent of the properties of the particles
of the other species. To do this requires as follows:

C1 ¼
f12v 02
2v 01

; C2 ¼
f12v 01
2v 02

: ðB4Þ

With due regard for (B1), (B2) and (B4), the first-order expan-
sion term (12) is rewritten as

Pð1Þðv1;v2Þ¼
v 01iv 01ju1ij

v 021
þ

v 02iv 02ju2ij

v 022
þ
ðv 01iv 02jþv 01jv 02iÞu12ij

v 01v 02

� �
Pð0Þðv1;v2Þ

2
;

u1ij¼
R1ij

ð1� f2
12Þv 021

; u2ij¼
R2ij

ð1�f2
12Þv 022

;

u12ij¼�
f12

2ð1�f2
12Þ

R1ij

v 021
þR2ij

v 022

� �
: ðB5Þ

In what follows we proceed to the new coordinates

q ¼ j1v2 þ j2v1; w ¼ v2 � v1; j1 ¼
v 021 � f12v 01v 02

v 021 þ v 022 � 2f12v 01v 02
;

j2 ¼
v 022 � f12v 01v 02

v 021 þ v 022 � 2f12v 01v 02
; ðB6Þ

which quantify two types of particle motion, namely, the transport
of the binary mixture as a whole and the relative motion of two-
particle species. The form of q is chosen so that the argument of
the exponential function in (10) can be presented as the sum of
the kinetic energies of two motion types, and thereby this resem-
bles the velocity of a mass centre of two particles in solid body
mechanics. Then the two-particle PDF (9) along with (10) and
(B6) is given by

Pðw;qÞ ¼ Pð0Þðw;qÞ þ Pð1Þðw;qÞ; ðB7Þ

Pð0Þðw;qÞ¼ U1U2

ð2pv 01v 02Þ
3ð1� f2

12Þ
3=2 exp � w02q0kq0k

2ð1� f2
12Þv 021 v 022

�w0kw0k
2w02

" #
;

ðB8Þ

Pð1Þðw;qÞ ¼ Aijq0iq
0
j þ Bijw0iw

0
j þ Cij q0iw

0
j þ q0jw

0
i

� �h i
Pð0Þðw;qÞ; ðB9Þ

Aij ¼
u1ij

2v 021
þ

u2ij

2v 022
þ

u12ij

v 01v 02
¼ 1

2ð1� f2
12Þ

R1ij

v 041
1� f12

v 01
v 02

� ��
þR2ij

v 042
1� f12

v 02
v 01

� ��
;
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Bij¼
j2

1u1ij

2v 021
þ

j2
2u2ij

2v 022
�

j1j2u12ij

v 01v 02

¼ 1
2ð1� f2

12Þ
j2

1R1ij

v 041
1þ f12

j2v 01
j1v 02

� �
þj2

2R2ij

v 042
1þ f12

j1v 02
j2v 01

� �� �
;

Cij ¼
j2u2ij

2v 022
�

j1u1ij

2v 021
þ
ðj2 � j1Þu12ij

2v 01v 02

¼ 1
2ð1� f2

12Þ
R2ij

v 042
j2 þ

f12ðj1 � j2Þv 02
2v 01

� ��
�R1ij

v 041
j1 þ

f12ðj2 � j1Þv 01
2v 02

� ��
:

In (17), C
að0Þ
i and C

að1Þ
i are as follows:

C
að0Þ
i ¼ r2Nbmbð1þ eÞ

UaUbðma þmbÞ

Z Z Z
w�k<0

ðw � kÞ2liP
ð0Þðw;qÞdkdwdq

¼ pr2Nbmbð1þ eÞW
2ðma þmbÞ

WiF1ðzÞ; ðB10Þ

C
að1Þ
i ¼ r2Nbmbð1þeÞ

UaUbðmaþmbÞ

Z Z Z
w�k<0

ðw �kÞ2liP
ð1Þðw;qÞdkdwdq

¼pr2Nbmbð1þeÞw04

ðmaþmbÞW2 WBikWkW1ðzÞ�
BjkWiWjWk

2W
W2ðzÞ

� �
; ðB11Þ

F1ðzÞ ¼
expð�zÞffiffiffiffiffiffi

pz
p 1þ 1

2z

� �
þ erf

ffiffiffi
z
p

1þ 1
z
� 1

4z2

� �
;

W1ðzÞ ¼ 4F0ðzÞ � 3F1ðzÞ;

W2ðzÞ ¼ W1ðzÞ �
2W0ðzÞ

z
;

where Nb is the number concentration of the particles of species b.
In (18), C

abð0Þ
ij and C

abð1Þ
ij are as follows:

C
abð0Þ
ij ¼ r2Nbmbð1þeÞ

UaUbðmaþmbÞ

Z Z Z
w�k<0

mbð1þeÞ
ðmaþmbÞ

ðw �kÞ3kikj

�
�jaðw �kÞ2ðwikjþwjkiÞ

i
�Pð0Þðw;qÞdkdwdq

þja C
að0Þ
i WjþC

að0Þ
j Wi

� �
¼pr2NbW

mbð1þeÞ
maþmb

mbð1þeÞ
4ðmaþmbÞ

WiWjþ
W2

3
dij

 !
F2ðzÞ

"(

� WiWj�
W2

3
dij

 !
3F1ðzÞ

2z

#
�ja WiWj

2F0ðzÞ
z

�

� WiWj�
W2

3
dij

 !
3F1ðzÞ

2z

#)
; ðB12Þ

C
abð1Þ
ij ¼ r2Nbmbð1þeÞ

UaUbðmaþmbÞ

Z Z Z
w�k<0

mbð1þeÞ
ðmaþmbÞ

ðw �kÞ3lilj

�
�jaðw �kÞ2ðwiljþwjliÞ

i
�Pð1Þðw;qÞdkdwdqþja C

að1Þ
i WjþC

að1Þ
j Wi

� �
¼

pr2NbWð1þeÞ2m2
b

4ðmaþmbÞ2
� 2w04BijW3ðzÞþw02 dijWkWnBkn

��
þ2ðWiBjkþWjBikÞWk

�W4ðzÞ
2z
�WiWjWkWnBkn�

W5ðzÞ
4z2

�
�pr2NbW

ð1þeÞmb

maþmb
ja 2w04BijW3ðzÞ�w02dijWkWnBkn

W2ðzÞ
4z2

��
þw02ðWiBjkþWjBikÞWk

W6ðzÞ
2z
�WiWjWkWnBkn

W7ðzÞ
2z2

�
�

v 02a v 02b ð1� f2
12Þ

w04
2w04CijF1ðzÞþw02ðWiCjkþWjCikÞWk

W1ðzÞ
2z

� �)
;

ðB13Þ
F2ðzÞ ¼ F1ðzÞ þ
2F0ðzÞ

z
; W3ðzÞ ¼ F1ðzÞ þ

2W1ðzÞ
z

;

W4ðzÞ ¼ W1ðzÞ �
W2ðzÞ

2z
;

W5ðzÞ ¼ W1ðzÞ �
7W2ðzÞ

2z
; W6ðzÞ ¼ W1ðzÞ �

W2ðzÞ
z

;

W7ðzÞ ¼
W2ðzÞ þW5ðzÞ

2
:

Appendix C

In (20), the coefficients Aaij, Baij and Caij as well as the correla-
tion coefficient na are the following:

Aaij ¼
1

1� n2
a

	 
2 Rij �
2u0na

v 0a
Saij þ

u02n2
a

v 02 Raij

 !
;

Bij ¼
n2
a

1� n2
a

	 
2 �v 0ana

u0
Rij þ 1þ n2

a

	 

Saij �

u0na

v 0a
Raij

� �
;

Caij ¼
1

1� n2
a

	 
2

v 02a n2
a

u02
Rij �

2v 0ana

u0
Saij þRaij

 !
;

Rij ¼ u0iu
0
j

D E
� u02dij; Saij ¼

u0aiv 0aj

D E
þ u0ajv 0ai

D E
2

� nau0v 0adij;

u02 ¼
u0ku0k
� �

3
;

na ¼
u0akv 0ak

� �
u0ku0k
� �1=2 v 0akv 0ak

� �1=2 ;

The first-expansion term appearing in (24) has the form

Pð1Þðv1;v2Þ¼
v 01iv 01j/1ij

v 021
þ

v 02iv 02j/2ij

v 022
þ
ðv 01iv 02jþv 01jv 02iÞ/12ij

v 01v 02

� �
Pð0Þðv1;v2Þ

2
;

ðC1Þ

/1ij ¼
A1ij þ A2ij �Rij
	 


n2
1 1� n2

2

	 
2

u02 1� f2
12

	 
2 þ
2B1ij 1� n2
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u0v 01n1 1� f2
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þ C1ij

v 021
;

/2ij ¼
A1ij þ A2ij �Rij
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2

u02 1� f2
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2 þ
2B2ij 1� n2

1

	 

u0v 02n2 1� f2

12

	 
þ C2ij

v 022
;

/12ij¼
1

u0 1� f2
12

	 
 A1ijþA2ij�Rij
	 


n1n2 1�n2
1

	 

1�n2

2

	 

u0 1� f2

12

	 
 þ
B2ijn1 1�n2

2

	 

v 02n

2
2

" #
;

where the particle velocity correlation coefficient is determined as

f12 ¼ n1n2: ðC2Þ

Note that, in isotropic homogeneous turbulence, na ¼ f 1=2
ua and

hence the particle velocity correlation coefficients defined by
(11) and (C2) are coincident.

Changing to the coordinates defined in (B6), we can rewrite the
two-particle PDF (24) along with (10) and (C1) in the form of (B7)
with the zero-expansion term given by (B8) and the first-expan-
sion term given by

Pð1Þðw;qÞ ¼ eAijq0iq
0
j þ eBijw0iw

0
j þ eCij q0iw

0
j þ q0jw

0
i

� �h i
Pð0Þðw;qÞ; ðC3Þ
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eAij ¼
/1ij

2v 021
þ

/2ij

2v 022
þ

/12ij

v 01v 02
; eBij ¼

j2
1/1ij

2v 021
þ

j2
2/2ij

2v 022
�

j1j2/12ij

v 01v 02
;

eC ij ¼ �
j1/1ij

2v 021
þ

j2/2ij

2v 022
þ
ðj2 � j1Þ/12ij

2v 01v 02
:

It is clear that the first-order expansion term (C3) coincides
with the one (B9) when replacing Aij, Bij, and Cij by eAij; eBij, andeCij. Because of this, all the relations for the collision rate as well
as for the momentum and stress collision terms, which are ob-
tained using the TP model, still stand for the FP model when
replacing Bij and Cij by eBij and eCij.
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